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ELEMENTS WITH r–TH ROOTS IN FINITE GROUPS
E. KHAMSEH, M. R. R. MOGHADDAM, F. G. RUSSO, AND F. SAEEDI
Abstract. The probability that a randomly chosen element of a finite group
is an r–th root (for any integer r ≥ 2) has been studied largely in case r = 2.
Certain techniques may be generalized for r > 2 and here we find the exact
value of this probability for projective special linear groups. A result of density
is placed at the end, in order to show an analogy with the case r = 2.
1. Introduction
In the present paper all the groups are finite. In a group G, if there exists an
element y ∈ G for which x = yr, we say that x has an r–th root. For r = 2, J.
Blum described in [1] the probability
Prob2(Sn) =
|S2n|
n!
that a randomly chosen permutation of length n has a 2–nd root (or square root),
where Sn is the permutation group on n letters. Successively his work was general-
ized in [3, 5, 6, 8] to the case of an arbitrary group. Already in [2, 7] it was studied
the probability
Probr(Sn) =
|Srn|
n!
that a randomly chosen permutation of length n has an r–th root for r ≥ 2. There-
fore, many results in [1] can be found as special situations of [2, 7], but, so far as
we have searched in the literature, [2, 7] have not been extended in the sense of
[3, 5, 6, 8] to the case of an arbitrary group. This is the beginning of our investi-
gations and the motivation of the present work. We define the probability
Probr(G) =
|Gr|
|G|
,
where r ≥ 2 and Gr = {gr | g ∈ G} is the set of all elements of G having at least
one r–th root. Unfortunately, Gr is not a subgroup of G but only a set and this
can give difficulties from the general point of view.
Even if Prob2(G) is known by [3, 5, 6] and Probr(Sn) by [2, 7], we have not
found whether it is possible to obtain some structural information on G from the
bounds of Probr(G) or not. In the present paper we will investigate such aspects
and provide some restrictions of numerical nature for Probr(G).
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2. Basic properties
We recall some fundamental notions on abelian groups. If A is an abelian group,
then
Ar = {ar | a ∈ A}
is a subgroup of A and A is called r-divisible, if Ar = A. A is divisible, if it is
r–divisible for all r ≥ 2. It is easy to see that A is divisible if, and only if, it is
p–divisible for all primes p.
A[r] = {a ∈ A | ar = 1}
is a subgroup of A and A is of exponent r, if A[r] = A. If r = p is a prime, A[p] is
called p-socle of A and is isomorphic to the additive group of a vector space over
the field with p elements: In other words, A[p] is an elementary p–group of rank
k ≥ 1, that is,
A[p] = Cp × . . .× Cp = C
k
p .
In general, for an arbitrary r ≥ 2, the subgroups Ar and A[r] are related by the
First Isomorphism’s Theorem: ϕ : a ∈ A 7→ ar ∈ Ar is a homomorphism of groups,
inducing Ar ≃ A/A[r]. The following remark gives a complete characterization for
abelian groups.
Remark 2.1. Assume that G is a nontrivial abelian group.
(i) Probr(G) =
1
|G[r]| .
(ii) If r is prime, then Probr(G) =
1
rk
for some k ≥ 1. Furthermore, the set
X = {Probr(G) | G is an abelian group}
coincides with the subset
Y =
{
1
rk
∣∣∣ k ≥ 1
}
of the interval [0, 1].
From Remark 2.1 (i), a nontrivial abelian group G of exponent r has Probr(G) =
1
|G| . Now we will summarize most of the above considerations in the next result.
Proposition 2.2. Let G be a nontrivial abelian group.
(i) Probr(G) =
1
|G[r]| . Furthermore, if r is prime, Probr(G) =
1
|G| if and only
if G ≃ Ckr for some k ≥ 1.
(ii) The sets X and Y of Remark 2.1 coincide.
Proof. (i). The first part is exactly Remark 2.1 (i). Now assume that r is prime. If
G ≃ Ckr , then G is isomorphic to the additive group of a vector space over the field
with p elements, that is, G[r] ≃ G. Then Probr(G) =
1
|G| . Conversely, Probr(G) =
|rG|
|G| =
|G|
|G[r]| |G| =
1
|G[r]| =
1
|G| implies |G[r]| = |G|, then 1 = |rG| =
|G|
|G[r]| via the
isomorphism induced by ϕ, and so G[r] ≃ G, from which the result follows.
(ii). It is exactly Remark 2.1 (ii). 
Now we describe Probr(G) = 1 for r ≥ 2 and recall notions in [5, 6].
Remark 2.3. Let G be a nontrivial group.
(i) Probr(G) = 1 if and only if |G| = |G
r|, that is, the number of the elements
of G having an r–th root is the same of the number of the elements of G.
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(ii) (See [6]) The number of solutions of the equation xr = a in G is a multiple
of gcd(r, |CG(a)|), where r ≥ 2 and a, x ∈ G. In particular, the number
of solutions of the equation xr = 1 over G is a multiple of gcd(r, |G|) and
when r is prime, |x| = |a| or |x| = r|a|.
We reformulate Remark 2.3 as follows.
Proposition 2.4. Let G be an arbitrary group and r ≥ 2. Probr(G) = 1 if and
only if some multiple of gcd(r, |G|) is equal to 1.
Propositions 2.2 and 2.4 agree with [5, Proposition 2.1], when r = 2. Now we
will proceed to list further properties.
Remark 2.5. For an arbitrary group G, we have 0 < 1|G| ≤ Probr(G) ≤ 1.
Propositions 2.2 (i) shows a condition in which we achieve the lower bound 1|G|
in the abelian case. Proposition 2.4 shows a more general condition in which we
achieve the upper bound.
It is well–known that the probability of independent events is multiplicative.
Here we have as follows.
Proposition 2.6. Given two groups A and B, Probr(A×B) = Probr(A) Probr(B).
Proof.
Probr(A×B) =
|(A×B)r|
|A×B|
=
|Ar ×Br|
|A||B|
=
|Ar||Br|
|A||B|
= Probr(A) Probr(B).

For products of groups we draw the following conclusion.
Proposition 2.7. If G = AB, where A and B are subgroups of G such that
[A,B] = 1, then
Probr(G) =
1
|Ar ∩Br|
Probr(A)Probr(B).
In particular, if A ∩B = 1, then Probr(G) = Probr(A)Probr(B).
Proof. Given a ∈ A and b ∈ B, (ab)r = arbr if and only if [a, b] = 1. Therefore
[A,B] = 1 implies (AB)r = ArBr and so |ArBr| = |A
r||Br|
|Ar∩Br| . Then
Probr(G) =
|Gr|
|G|
=
|(AB)r|
|AB|
=
|ArBr|
|AB|
=
1
|Ar ∩Br|
|Ar|
|A|
|Br|
|B|
=
Probr(A)Probr(B)
|Ar ∩Br|
.
In particular, Ar ∩Br ⊆ A ∩B = 1 implies Probr(G) = Probr(A)Probr(B). 
The next two results show bounds in terms of subgroups and quotients.
Proposition 2.8. Let N be a normal subgroup of a group G. Then
Probr(G) ≤ Probr(G/N).
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Proof. Note that gN ∈ G/N has an r–th root if and only if there is xN ∈ G/N for
which gN = (xN)r, that is, xr ∈ gN . Therefore gN ∈ G/N does not have an r–th
root if and only if there is no element x ∈ G with xr ∈ gN . Hence, if a coset in
G/N does not have an r–th root, then no element of this coset has an r–th root in
G, and therefore |G| − |Gr| ≥ |N |(|G/N | − |(G/N)r |) . By dividing both sides by
|G| we obtain 1 − Probr(G) ≥ 1 − Probr(G/N) and so Probr(G) ≤ Probr(G/N),
as required. 
Proposition 2.9. Let H be a subgroup of a group G. Then
|G|−1Probr(H) ≤ Probr(G).
Proof. Obviously Hr ⊆ Gr implies |Hr| ≤ |Gr|. Therefore Probr(H) ≤ |H | ·
Probr(H) =
|H|
|H| · |H
r| ≤ |G||G| · |G
r| = |G| · Probr(G) implies |G|
−1Probr(H) ≤
Probr(G) and the lower bound follows. 
The following result is a lower bound of general interest.
Corollary 2.10. Let G be a solvable group and P be a Sylow p–subgroup of G for
some prime p. Then 1|P | ≤ Probp(G).
Proof. Since H is solvable, there exists a p′–Hall subgroup H of G such that |G| =
|H ||P | and H = Hp ⊆ Gp. Therefore, Probp(G) =
|Gp|
|G| ≥
|H|
|G| =
|H|
|H||P | =
1
|P | . 
3. Projective special linear groups and density
Theorem 3.1. Let q be a prime power. If q ≡ 1 mod 4, q is odd and r = q−12 ≥ 2
is prime, then
Probr(PSL(2, q)) =
r + 1
2r
.
In particular, if r = 2, then Prob2(PSL(2, q)) =
3
4 .
Proof. We recall that
|PSL(2, q)| =
q(q − 1)(q + 1)
gcd(2, q − 1)
= q(q − 1)(q + 1).
Let ν be a generator of the multiplicative group of the field of q elements. Denote
1 =
(
1 0
0 1
)
, c =
(
1 0
1 1
)
, d =
(
1 0
ν 1
)
, a =
(
ν 0
0 ν−1
)
.
and b an element of order q + 1 (Singer cycle) in SL(2, q). By abuse of nota-
tion, we use the same symbols for the corresponding elements in PSL(2, q) =
SL(2, q)/Z(SL(2, q)). From the character table of SL(2, q) (see [4, Theorem 38.1]),
one gets easily the character table of PSL(2, q). We reproduce it below for the
convenience of the reader. The elements 1, c, d, al and bm for 1 ≤ l ≤ q−14 and
1 ≤ m ≤ q−14 form a set of representatives for the conjugacy classes of PSL(2, q).
For 1 ≤ l ≤ q−14 and 1 ≤ m ≤
q−1
4 , one can see from [4, Theorem 38.1] that
|CPSL(2,q)(1)| = |G|, |CPSL(2,q)(c)| = |CPSL(2,q)(d)| = p,
|CPSL(2,q)(a
l)| =
q − 1
2
, |CPSL(2,q)(a
q−1
4 )| = q − 1, |CPSL(2,q)(b
m)| =
q + 1
2
,
where p is the prime of which q is power. Now we count the elements which do not
have r–th roots and will deduce the probability of having r–th roots.
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Since 〈a〉 ≃ Cr, 〈a〉[r] ≃ 〈a〉 and 〈a〉
r = 1, Proposition 2.2 (i) implies Probr(〈a〉) =
1
r
so the elements not having r–th roots in 〈a〉 are exactly
|〈a〉 − 〈a〉r| = |〈a〉| − |〈a〉r| = |〈a〉| − 1 = r − 1 =
q − 1
2
− 1 =
q − 3
2
.
On the other hand, the (distinct) conjugates of 〈a〉 have trivial intersection with
〈a〉 so that the total number of elements of PSL(2, q) which do not have r–th
roots is obtained by multiplying q−32 by the number of conjugates of 〈a〉 , which is
|PSL(2, q) : NPSL(2,q)(〈a〉)|. This means that
|PSL(2, q)| − |PSL(2, q)r| = |PSL(2, q)− PSL(2, q)r|
= |〈a〉 − 〈a〉r | · |PSL(2, q) : NPSL(2,q)(〈a〉)| =
q − 3
2
·
|PSL(2, q)|
|NPSL(2,q)(〈a〉)|
=
q − 3
2
·
|PSL(2, q)|
q − 1
and, dividing both sides by |PSL(2, q)|, we get
1− Probr(PSL(2, q)) =
q − 3
2
·
1
q − 1
,
that is,
Probr(PSL(2, q)) = 1−
q − 3
2(q − 1)
=
q + 1
2(q − 1)
=
2(r + 1)
2(2r)
=
r + 1
2r
.

We note that the case r = 2, which appears in the previous theorem, was found
in [5, Proposition 3.1]. A consequence is the following.
Corollary 3.2. Let q be a prime power. If q ≡ 1 mod 4, q is odd and r = q−12 ≥ 2
is prime, then limr→∞ Probr(PSL(2, q)) =
1
2 .
The computations for the projective special linear groups are important in order
to get [3, Theorem 1.1] and to prove that the set
Z = {Prob2(G) | G is an arbitrary group}
is dense in [0,1]. We are going to generalize for any prime r ≥ 2, and we will not
use projective special linear groups as done in [3, Theorem 1.1], but will assume a
priori the existence of a certain group with a prescribed value of probability. This
is justified by evidences of computational nature.
Corollary 3.3. For any ǫ ∈ R with ǫ > 0 and given a prime r ≥ 2, there exists an
abelian group A such that 0 < Probr(A) < ǫ.
Proof. Let k > 1 be such that 1/rk < ǫ and A be an elementary r–group of rank
k. By Proposition 2.2 (ii), the result follows. 
A proof of Corollary 3.3 when r = 2 can be found in [3]. Briefly, Corollary 3.3
shows that 0 is an accumulation point for the set X in Remark 2.1.
Corollary 3.4. Assume that r ≥ 2 is a prime and S is a group such that Probr(S) =
1 − 1|R| for an elementary abelian r–Sylow subgroup R of S. Then for any ǫ ∈ R
with ǫ > 0 we have 1− ǫ < Probr(S) < 1.
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Proof. Since R is a Sylow r–subgroup of S which is elementary abelian of rank k
for some k ≥ 1, we have 1/rk < ǫ and Probr(S) = 1 −
1
rk
= r
k−1
rk
. On the other
hand, 1− ǫ < r
k−1
rk
< 1, therefore 1− ǫ < Probr(S) < 1, as claimed. 
Corollary 3.4 when r = 2 can be found in [3]. Also Corollary 3.3 is illustrating
that 1 is an accumulation point for the set
T = {Probr(G) | G is an arbitrary group},
where r ≥ 2 is a given prime.
Theorem 3.5. Let r ≥ 2 be a prime and assume that there exists a group H such
that Probr(H) = 1−
1
|R| for an elementary abelian r–Sylow subgroup R of H. Then
the set T is dense in [0, 1].
Proof. By Corollaries 3.3, 3.4, there is no loss of generality in showing that, if
0 < x < 1, then x is a limit point of T . There exists an integer m such that
1/r < rmx < 1. Note that (0, 1) =
⋃
m≥0
[1/rm+1, 1/rm). Let y = rmx. We can
choose an integer n1 ≥ 1 such that
(rn1 − 1)/rn1 ≤ y ≤ (rn1+1 − 1)/rn1+1,
noting that [1/r, 1) =
⋃
n≥1
[(rn − 1)/rn, (rn+1 − 1)/rn+1). Let s1 = (r
n1 − 1)/rn1
and r1 = (r
n1+1 − 1)/rn1+1. Again we can choose an integer n2 ≥ 1 such that
(rn2 − 1)/rn2 ≤ y/r1 ≤ (r
n2+1 − 1)/rn2+1,
noting that 1/r ≤ y/r1 < 1. As before, let s2 = (r
n2 − 1)/rn2 and r2 = (r
n2+1 −
1)/rn2+1. Iterating this process, there exist positive integers n1, n2, n3, . . . and two
sequences {si} and {ri} such that si = (r
ni − 1)/rni , ri = (r
ni+1 − 1)/rni+1 and
si ≤
y
r1r2...ri−1
< ri for all i ≥ 1. Of course, 0 < si < ri < 1 for all i ≥ 1. We have
ni ≤ ni+1 for all i ≥ 1, since
si ≤
y
r1r2 . . . ri−1
<
y
r1r2 . . . ri−1ri
< ri+1.
Thus {si} is a monotonically increasing sequence, bounded by 1, and so convergent.
Moreover, {si} has infinitely many distinct terms; otherwise {si}, and hence {ri},
would be eventually constant, and so, for some j ≥ 1, we would have
y
r1r2 . . . rj−1r
k−1
j
< rj
or r1r2 . . . rj−1r
k
j for k ≥ 1. This is impossible, since y > 0 and lim
k→∞
rkj = 0.
Therefore, {si} converges to 1 (after omitting repeated terms), because it is a sub-
sequence of {(rn− 1)/rn}. This allows us to note that the sequence {ai} converges
to 1, where ai = y/r1r2 . . . ri−1. Consequently, the sequence {bi} converges to y,
where bi = r1r2 . . . ri−1. Thus we have
lim
k→∞
r1r2 . . . ri−1
rm
=
y
rm
= x.
For each i ≥ 1 we consider the group G(i) = G0×G1× . . .×Gi−1, where G0 = C
m
r
and Gk is a sequence of groups isomorphic for each k to the group H , introduced
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in the assumptions. Propositions 2.2 and 2.6 imply
Probr(G
(i)) = Probr(G0) Probr(G1) . . .Probr(Gi−1) =
1
rm
r1r2 . . . ri−1.
We have lim
i→∞
Probr(G
(i)) = x and the result follows. 
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